We have laid out the results of a rigorous theoretical investigation into the response of electron dressed states, i.e., interacting Floquet states arising from the off-resonant coupling of Dirac spin-1 electrons in the α-T3 model, to external radiation with various polarizations. Specifically, we have examined the role played by the parameter α that is a measure of the coupling strength with the additional atom at the center of the honeycomb graphene lattice and which, when varied, continuously gives a different Berry phase. We have found that the electronic properties of the α -T3 model (consisting of a flat band and two cones) could be modified depending on the polarization of the imposed irradiation. We have demonstrated that under elliptically-polarized light the lowenergy band structure of such lattice directly depends on the valley index τ . We have obtained and analyzed the corresponding wave functions, their symmetries and the corresponding Berry phases, and revealed that such phases could be finite even for a dice lattice, which has not been observed in the absence of the dressing field. This results lead to possible radiation-generated band structure engineering, as well as experimental and technological realization of such optoelectronic devices and photonic crystals.
I. INTRODUCTION
The α-T 3 model is considered to be the most recent and promising member of novel two-dimensional (2D) materials. Their low-energy dispersions are obtained from a pseudospin-1 Dirac-Weyl Hamiltonian 1,2 and possess a strong similarity with graphene. [3] [4] [5] The atomic structure of the α-T 3 model is represented by a honeycomb lattice with an additional site at the center (a hub atom) of each hexagon. The model Hamiltonian depends on a parameter α = tan φ which is a measure of the coupling strength with the extra atom which depends on the ratio of the two hopping coefficients for all hub-rim and rim-to-rim sites. Both α and φ may be varied continuously and the Berry phase could be expressed in terms of these two parameters and play a crucial role in affecting many of the electronic and many-body properties of such 2D structures.
The most encouraging technological opportunity for α-T 3 is its applicability for tuning the value of the parameter φ from 0 to 1. The results for graphene correspond to the α → 0 case of this model. while α → 1 corresponds to a class of existing pseudospin-1 materials. 1, 6, 7 Such unique tunability together with additional electron state transitions have made studying various properties of α-T 3 materials as one of the most desirable directions in present-day condensedmatter physics, chemistry and technology.
One of the latest advances in laser and microwave technology has resulted in the possibility of the efficient control, as well as tunability of the basic electronic properties, low-energy band structure including the band gap and the corresponding spin-and valley-dependent electronic states by applying external off-resonant periodic fields. States generated in such a way are referred to as electron (or optical) dressed states and represent a single quantum object of strongly coupled light and matter. They are also characterized as an electron dressed by the imposed field of various polarizations, just as it is schematically shown in Fig. 1 . The effect of such light-matter interaction on key electron properties could vary substantially depending on the type of polarization of the incoming radiation. Most of the crucial properties of such dressed states could be deduced from conventional Floquet theory, which effectively describes an extremely wide range of quantum mechanical systems under external periodic fields. [8] [9] [10] [11] Based on these theories, researchers have developed numerous techniques to modify the existing electronic properties of condensed matter materials, which was subsequently referred to as Floquet engineering of various nanostructures [12] [13] [14] and especially for the novel low-dimensional Dirac cone materials. [15] [16] [17] [18] [19] [20] [21] [22] Considerable effort has been given to find a way to generate topological insulator properties in such systems under irradiation 12, 23, 24 Optical dressing can also alter the tunneling and conductance 25 properties of a topological insulator, leading to tunable spin transport on their surfaces 26 with potential applications in spintronics, as well as result in an optically-stimulated Lifshitz transition. 27 Another important property of such electronic dressed systems for operating an optoelectronic device is the challenge of confining such electron states in a specific region. This is directly related to the presence or absence of the so-called Klein paradox 28 in the considered material. Circularly-polarized radiation is known to open an energy band gap in initially metallic graphene 15, 29 leading to the suppression of electron transmission 30, 31 or electronic trapping 32 with a possible experimental realization. For systems with an already existing band gap, such as buckled honeycomb lattices, the modification of sich an energy gap depends on its initial value and could be either increased or reduced, 16 which affects all the collective electronic properties in a non-trivial way. 33 In contrast, radiation with a linear polarization does not generate any band gaps, but leads to strong anisotropy in an exposed material. 34 For such anisotropic massless fermions, complete head-on transmission is replaced with asymmetric Klein tunneling 35 with a crucial advance for electronic technology, specifically -electron confinement in a low-dimensional material. Such Klein tunneling in the presence of a finite α < 1 36 has been shown to be different from both graphene and dice lattices.
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The principal focus of the present work is to develop a formalism for investigating the properties of optical dressed states for the α-T 3 model corresponding to well-known polarizations of incoming radiations, i.e., elliptical (and circular as a special case) and the linear one. Contrary to previously published recent work, 2 we concentrate on deriving closedform analytic approximations and the wave vector dependence of the obtained energy dispersions around each valley, determine and analyze the corresponding wave function, their symmetries, and the corresponding Berry phases which are now significantly modified by electron-light coupling.
The Berry phase was proven to be connected with most physical properties of an α-T 3 lattice. 38 Its orbital susceptibility undergoes a transition from diamagnetic in graphene to paramagnetic in a dice material. 10, 39 , which was also shown based on a tight-binding model. 40 The same applies to the magnetotransport of α-T 3 materials, 41 its conductivity displays several peaks, and each of those peaks is split if α is set finite. 42, 43 Consequently, one of our goals here will be to study how the geometric Berry phase of an α-T 3 lattice is modified in the presence of a dressing field.
The rest of this paper is organized in the following way. In Sec. II, we provide a brief description of the crucial electronic properties, the low-energy band structure in the vicinity of the K and K valleys, as well as the corresponding electronic wave functions, noting all their possible relations with phase φ(α). Following this, we present our derivation of the off-resonant electron Floquet states for elliptically, circularly and linearly polarized irradiation. Whenever possible, we also find the corresponding eigenstates for such dressed electrons, discuss their structure and symmetry properties. Specifically, we examine in which all our obtained results depend on φ(α) and how these relations interplay with electron-field coupling. We also point out for which cases the obtained energy bandstructure becomes directly dependent on the valley index τ . We also calculate Berry phases for all obtained previously obtained eigenstates, providing analytical expressions whenever possible, and discuss their features in Sec. III. Our concluding remarks are provided in Sec. IV and finally, we provide detailed derivations of all our crucial results in Appendices A, B and C.
II. ELECTRON DRESSED STATES
In this section, our goal is to obtain the energy dispersions and the wave functions for the quasiparticle dressed states for elliptical, and circular as its limiting case, and linear polarizations. Considering these situations, we are mainly concerned with elucidating the effect of the phase φ(α) on the quantities under consideration.
To establish notation, we begin with an overview of the low-energy Hamiltonian, its eigenfunctions and energy dispersions for the α-T 3 model. These states are derived from the φ-dependent pseudospin-1 Dirac-Weyl Hamiltonian
where k τ ± = τ k x ± ik y with τ = ± labeling the valley and v F denoting the Fermi velocity. Here, α = tan φ represents the principal parameter, characterizing the α-T 3 lattice. For α = 1 and φ = π/4, the situation is equivalent to the Hamiltonian presented in Ref. [1] . The three solutions for the low-energy band structure, ε 
where θ k = arctan(k y /k x ) is the angle associated with the wave vector k, ε
pertaining to the flat band ε γ=±1 τ, φ (k) = 0. Unlike the electron dispersions ε γ=±1 τ, φ (k), most of the crucial properties of the dressed state quasiparticle depend on the phase φ or on α = tan φ.
A. Elliptically-polarized irradiation
The vector potential for elliptically-polarized light depends on the direction of the major axis of the polarization ellipse. Assuming that this direction is collinear with the x−axis, the expression for such a vector potential is
where β = sin Θ e is the ratio between the axes of the polarization ellipse. Equation (4) represents the most general case of polarization type, β → 1 corresponds to circularly-polarized light with equal but phase-shifted components, while β → 0 describes linearly-polarized irradiation, given by Eq. (23).
It is important to emphasize that for previously studied graphene, the energy dispersions obtained by semi-classical time-dependent representation of the vector potential (4) in Ref. [34] is equivalent to that derived using a quantized field in the limit of large photon occupation numbers.
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Making use of the canonical substitution k x,y → k x,y − e/ A x,y , the initial Hamiltonian, given by Eq. (1), is modified as
where the additional interaction term is d (k = 0) for dressed states in α-T3 materials under an elliptically-polarized field as a function of parameter α = tan φ for panel (a) and α for plot (b). In each panel, the conduction band dispersions are described by a blue curve, the valence band corresponds to a green line, and the flat band to the red ones. The energy separation between the highest (blue) and the lowest (green) dispersion curves defines the direct band gap between the valence and conduction bands.
Here, + h.c. means adding a Hermitian conjugate matrix to the existing one, Ω β (t) = arctan [β tan(ωt)] is equivalent to (ωt) for circularly-polarized light. The interaction coefficient, equal to c 0 = v F eE 0 /ω, is equivalent to that for the case of linearly polarized light. E 0 is the amplitude of the imposed electromagnetic wave. Apart from the interaction coefficient c 0 = v F eE 0 /ω, we will often use a dimensionless coupling constant
. Since all our studies are limited to the case of off-resonant high-frequency irradiation with ω ε d (k), we can always treat λ 0 a an infinitesimal parameter, so that the corresponding series expansions could be carried out.
We would now like to point out that if the initial model Hamiltonian is linear in k, which is the case for nearly all Dirac and gapped Dirac structures, such as gapped or gapless graphene, buckled honeycomb lattices and transition metal dichalcogenides, the resulting Hamiltonian for the dressed states is obtained by adding a single interaction term, independent of the wave vector k. However, the situation is drastically different for phosphorene with a more complicated anisotropic wave vector dependence in the unperturbed Hamiltonian.
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In order to solve this eigenvalue problem, we are going to apply perturbation theory. Nearly all off-resonant systems, subjected to external periodic fields with ε d (k) ω, could be effectively described by a perturbation expansion of the interaction Hamiltonian in powers of 1/( ω). In many cases, this would allow for an approximate solution, while the exact diagonalization of the interaction matrix is not possible, 16 or substantially simplify the existing calculations.
The key idea of the perturbation approach is the following. Once the interaction Hamiltonian termĤ
A is expressed asĤ
where the operatorP τ,φ and its Hermitian conjugateP † τ,φ are time-independent, the effective Hamiltonian representing our dressed states becomes
For most of such considerations, it is sufficient to explicitly obtain two terms of such a power series. In our case, the time-independent perturbation operatorP τ,φ is obtained aŝ This matrix is real, but clearly not Hermitian, as it always occurs for all types of circularly-polarized irradiation, including the more general case of elliptic polarization with 0 ≤ β < 1.
Evaluating the commutation relation in Eq. (8), we arrive at the following expression for the effective perturbation HamiltonianĤ
where
It is interesting to note that the chirality τ k x ± ik y of the second perturbation term is the same as that in the unperturbed Hamiltonian H φ τ (k) given by Eq. (1). One needs to pay close attention to the first perturbation term, which is independent of the wave vector k and determines the position of each band edge at the K point shows plots for φ = π/6 and α = 0.586. In each plot, the solid lines correspond to the K valley or τ = +1, and the dashed ones to the K with τ = −1 and the dimensionless electron-light coupling constant λ0 = 0.25.
as well as the energy gap between the valence and conduction bands
These simple but important results for the zero-momentum band structure are displayed in Fig. 2 . Each energy is given in units of 0 = τ β c 2 0 /( ω), i.e., its actual value depends on the valley index τ , the ratio of the ellipse polarization axes β and the electron-light interaction strength. The "flat" band in fact no longer posses this property, all three subbands are now distorted and intersect with each other. The energy band gap differs from λ 0 c 0 for graphene to λ 0 c 0 /2 for a dice lattices. It is interesting to see that the band gap does not change for φ > 0.615 rad 0.196 π or α > 1/ √ 2. The band gap for a dice lattice is the smallest and is exactly half of that for graphene (the largest). The α-dependence of the band edge locations, presented in Fig. 2 (b) for comparison, is similar but not exactly identical with the corresponding dependence on φ.
An analytical solutions for finite-k energy dispersion could in principle be obtained, as it is always true for a thirdpower algebraic equation. However, the obtained expressions are quite lengthy and complicated so that they cannot be conveniently analyzed.
Our numerical results for the energy dispersions for the case of elliptically-polarized light are presented in Fig. 3 . Leaving out the simplest case of φ = π/4, which was discussed above and presented in Fig. 3 (a) , we examine the remaining cases and see that the initially flat ε d (k) = 0 subband acquires a k-dependent non-zero curvature and may be located either above or below the ε = 0 level depending on the phase as well as the valley index τ . The valence and conduction band edges are shifted in the vertical direction, so that there is no longer symmetry between the valence and conduction bands, as it was also pointed out in Ref. [2] . At the same time, there is complete inversion symmetry for k {x,y} → −k {x,y} , which means that only even powers of the wave vector components k x and k y are present in the general eigenvalue equation based on the effective perturbation Hamiltonian (10) . For all cases, the effect of the imposed irradiation on the flat band and its displacement from the zero-energy level are most noticeable at k = 0. We emphasize that the anisotropy and the angular dependence in these dispersions appear only because of the anisotropy of the external perturbation field and is completely absent for the case of circularly-polarized irradiation with β = 1.
Not only the energy band gaps and edges from Eq. (12), but also the whole finite-k energy dispersion branches demonstrate direct and substantial dependence on the valley index τ = ±1, as we see from Fig. 4 . The location of each energy subband varies near the K and K valleys, and this noticeable difference is not limited to a pure change of ± sign, in contrast to all situations observed before. For α = 1/ √ 2, either upper or lower bandgap is closed, depending on the value of τ . As a result, we obtain non-equivalent density of electronic states in each low-energy (K or K ) region. The contributions from such electronic states from each valley is no longer equal or opposite to each other, which could strongly affect the transport properties.
These obtained dispersions show a striking resemblance to silicene, in which the electronic states with a given spin σ = ±1 demonstrate two inequivalent band gaps ∆ τ,σ = |∆ SO −στ ∆ z |, in which ∆ SO is a constant intrinsic spin-orbit gap and ∆ z can accept nearly any values depending on the external perpendicular electrostatic field. Consequently, varying the applied field, the gap between the bands can be opened or closed and a buckled honeycomb lattice appears to be in a topological insulator, valley-spin polarized metal (not gap) or a conventional band insulator state. The lower gap |∆ SO − ∆ z |, which defines the actual band gap between the valence and conduction bands, becomes equal to the upper one ∆ SO + ∆ z , once either valley index τ or spin index σ is changed to its opposite value 44, 45 . This gives rise to specific transport properties 46 and a number of valleytronics applications, 47 which could now also be based on the irradiated α-T 3 lattice.
Finally, for graphene with ε(|k|) = ± v F |k|, interacting with circularly-polarized irradiation, the off-resonant dressed states have the following dispersion relations
which could be obtained as a limiting case of vanishing anisotropy for multi-layer black phosphorus, 17 or setting to zero all the band gaps for transition metal dichalcogenides which were investigated in Ref. [16] . This result for graphene is a 1/( ω) 2 approximation of well-known circularly-polarized irradiated quasiparticle dispersions. In contrast, an exact solution shows 15 that the energy band gap is equal to
and the Fermi velocities in each direction are not affected. We again see that the field-induced energy bandgap for graphene is exactly twice as large when compared to a dice lattice.
B. Symmetric band structure and wave function for a dice lattice
Here, we address a specific case of spin-1 dice lattices without any dependence on α. This corresponds to φ = π/4. Most importantly, all the equations are greatly simplified and additional closed-form analytical results could be obtained and investigated. Also it is crucial to see that the effect of irradiation is the lowest in this case for a given dressing field intensity, as we see from Figs. 3(c) and 3(d) . This case has special significance for technical applications since those T−3 spin-1 materials could be possibly fabricated at the present time.
In this case, the non-interacting Hamiltonian (1) for a dice lattice takes the form
are defined based on spin-1 matrices in Appendix A.
The effective perturbation Hamiltonian (8) in this case up to the order of 1/( ω) 2 iŝ
Such a dramatic simplification of Eq. (10) has been made possible mainly due to the fact that in our case
For a Hamiltonian with such symmetry, the low-energy band structure is symmetric for electrons and holes with
Only in this case, do the middle subbands remain flat for all wave vectors and the valence and conduction subbands stay completely symmetric for γ = ±1.
Equation (12) shows the opening of a finite energy band gap twice as large as ∆ 0 (β, λ 0 ) = βλ 0 c 0 /2. It is clear that the anisotropy of the energy bands is caused solely by the elliptical polarization of the dressing field and disappears for β = 1. From now on, we will focus only on the latter case of circularly-polarized irradiation. In this way, the energy label γ = ±1 still represents a Dirac cone with renormalized isotropic Fermi velocity v (r)
We introduce the following simplifying notation:
This quantity is dimensionless, and it represents the induced energy gap related to a fixed electron energy for chosen non-zero wave vector k. For our case of small electron-light coupling with λ 0 1, it could be approximated by
Now, we can obtain the wave functions, corresponding to dispersions in (18) as the eigenstates of the matrix (16) . For the sake of simplicity, we will consider circularly-polarized light with β = 1. The solutions, pertaining to the valence and conduction bands γ = ±1 are
where the component amplitudes and normalization factor may be obtained. In our case of low intensity of the incident radiation c 0 ω these expressions could be simplified as
The components of the wave function (A10) are no longer equal to each other (apart from a common phase difference), as it is expected to occur when an energy gap is opened. Comparable alteration of the wave function components was demonstrated for irradiated graphene. 30 These components now also depend on the electron-hole index γ = ±1, i.e., their deflection from their initial 1/ √ 2 value is not the same for electrons and holes.
The remaining wave function for the flat band (γ = 0) is
Here, one of its components is also inequivalent to the two others. This field-induced modification of the middle component and the normalization of the wave function (22) does not depend on the valley index τ .
C. Linear polarization of the incoming radiation
We now turn our attention to an alternative situation in which linearly-polarized radiation is incorporated into the α-T 3 model Hamiltonian. Being essentially anisotropic, such fields are known to transform the Dirac cone into an asymmetric elliptical cone without creating a gap between the valence and conduction bands. 34 Whereas in initially anisotropic phosphorene, the direction of the linear polarization was important, 17 for the isotropic energy dispersions in α − T 3 we can assume that the polarization vector lies along the x axis without any loss of generality so that
In each case of linear k-depndence, the total Hamiltonian of an interacting quasiparticle only acquires an additional term given by
whereĤ
The coupling constant c 0 = v F eE 0 /ω is equivalent to that in the case of elliptically-or circularly-polarized light. We also note that each element of the matrix in (25) has identical periodic time dependence, which was not true for circularly-polarized irradiation field.
The case of linearly-polarized dressing field is distinguished because the time-dependent Schrődinger equation at K (or K ) point for k = 0 could be solved exactly. This means that our result regarding the absence of an energy bandgap is precise and, most crucially, a wave function with appropriate time dependence could be obtained in contrast to the previous case of elliptically polarized light.
The detailed derivation of the energy dispersions and the wave function for the linearly-polarized dressing field is provided in Appendix B. The dressed state quasiparticle energy dispersions are given by
with angular dependence
clearly indicates field-induced anisotropy. The corresponding dispersion relations for graphene, obtained in Ref. [34] , are immediately recovered if φ or α is set equal to zero. In the opposite limit for a dice lattice φ = π/4, only the second term J 0 (λ 0 ) sin(2φ) in Eq. (27) remains finite, so that the effect of electron-field interaction is the lowest.
Since our consideration is executed for off-resonant radiation with λ 0 = c 0 /( ω) 1, the zero-order Bessel function of the first kind could also be expanded so that the conduction and valence bands (γ = ±1) energy dispersions are further approximated as
Even for an infinitesimal coupling constant λ 0 , the anisotropy and, therefore, the difference between Fermi velocities in the k x -and k y -directions is the largest for graphene and the smallest in the dice lattice case. First and most important, we see that the flat band ε(k) = 0 is not affected and remains dispersionless under linearly-polarized irradiation for all wave vectors. The valence and conduction bands become anisotropic, so that the standard right-circular Dirac cone is transformed into an elliptic cone with its major axis located along the direction of the light polarization. We also notice that the complete electron-hole symmetry of the upper and lower cones is preserved and there is no energy gap between the valence and conduction bands. These features are completely similar to the corresponding results for graphene. 34 However, an important novelty comes from the φ-dependence of the obtained dispersions. As we demonstrate in Fig. 4 , the strength of induced anisotropy is related to the specific value of chosen φ.
Even though the procedure of deriving the corresponding wave functions, explained in Appendix B, is straightforward, the calculations are lengthy and tedious even for the simplest case of a dice lattice. The two wave functions, corresponding to the valence and conduction band energies with γ = ±1 are as follows
The components of this wave function are apparently equal to each other up to a phase difference similar to the non-interacting dice lattice wave functions, which corresponds to Eq. (2) and (2) for φ = π/4. The phase difference Φ θ (λ 0 ) for a dice lattice is no longer equal to θ k and depends on the imposed irradiation intensity.
The remaining wave function for the flat band with γ = 0 is given by
The structure of the obtained wave function in Eq. (32) is such that it again consists of two non-zero components of equal amplitude and phase difference Φ θ (λ 0 ). Consequently, we can rewrite the wave function (32) as
It is interesting to compare our results with the corresponding wave function for graphene obtained in Ref. [34] . The Dirac electron in graphene, interacting with a linearly-polarized off-resonant dressing field has the following dispersions
The anisotropy factor f θ for graphene is equivalent to our expression (B23) for φ or α = 0. This is an opposite limit for the angular dependence in Eq. (B23) from the dice lattice with φ = π/4, given in Eq. (B26).
The corresponding wave function at t = 0 could be rewritten as
As it is expected for a distorted anisotropic Dirac cone, its wave function (35) has equal components, while their phase difference Φ θ (λ 0 ) depends on the interaction coefficient λ 0 .
For the general case of an α-T 3 lattice, the wave function is obtained as
where the coefficients r (φ) 1,2 and the normalization function are defined in the Appendix B. For the flat band with γ = 0, the wave function takes the form
The components of the wave function (37) are not equal to each other since this condition does not hold true even in the absence of irradiation, while all the previously obtained wave functions have components which differ only by a phase factor. This becomes explicit once the components of this wave function are evaluated
where, in our situation with λ 0 1, we can write
The components of this wave function are not equal to each other, in contrast to all previously considered cases involving linearly-polarized field. The way they are modified in the presence of electron-photon interaction is not correlated with their initial values. Surprisingly, the normalization factors for all the obtained wave functions (29)- (32) and (36)- (37) do not depend on time.
III. BERRY PHASE MODIFICATION DUE TO THE DRESSING FIELD
As an evident and natural application for our novel photon-dressed electronic states obtained in Sec. II, we consider how the Berry phase of an α-T 3 or dice lattice is affected by the presence of an off-resonance dressing field with different polarizations. Specifically, we are interested in examining the way in which such quantum phases depend on α in the presence of finite electron-light coupling λ 0 > 0.
The Berry phase is defined as a geometrical phase difference, which a purely quantum system receives over a complete cycle of adiabatic, or isoenergetic evolution. [48] [49] [50] All physically meaningful parameters, except for a quantum phase, are expected to return to their initial values over such a loop-like transformation. The Berry phase is logically connected to the quantal phase of Aharonov and Bohm effect for a charged particle moving along a closed path, which partially includes electrostatic or magnetic fields. Such topological phases strongly affect transport properties and lead to a finite conductivity at the band crossing even if the density of propagating waves at this point vanishes.
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As the first step, we are going to carry out a detailed investigation of the time-independent eigenstates, corresponding to the distorted Dirac cone due to an electron interacting with a dressing field. This could lead to either the opening of a band gap in the case of an elliptically-or circularly-polarized field, or an anisotropy of the dispersion relations due to a field with linear polarization. While in the former case the energy dispersions (18) were obtained using an effective perturbation Hamiltonian (8) without taking its actual time dependence into account, the wave functions for the latter case involving linearly-polarized light were obtained with complete t−dependence, and therefore, need to be further clarified.
This could be viewed as a simplified model with an additionalΣ z term in graphene under circularly-polarized light 17 , which leads to considerable explanation of the considered phenomena, yet bears nearly all the crucial properties of irradiated graphene. 34 We will suppress the time dependence in Eqs. (36) and (37) and use their expressions at t = 0 for all further considerations. This will allow us to address a wider class of field-induced electronic states, not necessarily equivalent to dressed states under conditions discussed above.
In general, the time dependence of the obtained eigenstates, such as Eqs. (36) and (37),is expressed in exponential dependence of some of their components exp[±i z λ (t)] = exp[±i λ 0 sin(ωt)]. In our consideration for an off-resonant field with λ 0 1, this dependence would lead to noticeable modification of the wave function components. Surprisingly, the normalization factors N (φ) θ for all types of α-T 3 materials under linearly-polarized irradiation, including the dice lattice limit, do not directly depend on time. Another occasion of direct time dependence is the initial phase factor exp ∓iv F kt f (φ) θ in Eqs. (36) and (29), which does not affect most of its properties but leads to a linear increase of its Berry phase over time as v F t f (φ) θ . The described situation of the time dependence is strikingly similar to the electrostatic Aharonov-Bohm interference effect. 52 The wave function of a conventional Schrödinger particle of energy E acquired a phase factor exp[iφ], φ = −Et/ . If such a particle is confined in the region with a constant electrostatic potential V 0 = constant, and zero electrostatic field, this potential affects the phase of the eigenstate as φ(t) − φ(t = 0) = −eV 0 t/ . This additional phase affects the actual properties of the particle, as well as the outcome of a double-slit interference experiment, in spite of the fact that the actual electrostatic field is not present.
We can write the Berry phase as 49, 50 
where C is a closed path within the 2D plane. For the case of non-irradiated wave functions of an α-T 3 lattice presented in Eqs. (2) and (3), the result is immediately obtained as φ B γ=±1,τ = τ π cos(2φ) for the conduction and valence bands, and φ B 0,τ = 2τ π cos(2φ) for the flat band at the K and K valleys. These results do not depend on the choice of a closed curve C, which in general cannot be true since the wave function components are k−dependent. We also remark that the Berry phase is gauge invariant and its value is unique up to 2π× integer.
The details on how to evaluate linear integral in Eq. (41) in polar coordinates in k−space for various types of incoming light polarization are provided in Appendix C. In our first case of circularly-polarized light, components (20) of the wave function (A9) are only k-dependent except for e ±iθ k factors, which are similar to those in the nonirradiated eigenstates (2) and (3), and the path of such isoenergetic linear integration is a circle of radius k (0) . As a result, the Berry phase in the case of a dice lattice irradiated by a circularly-polarized dressing field is given by the following closed-form analytical expression
The obtained Berry phases are not symmetric and are opposite for the electron and hole states except for the firstorder term in the λ 0 expansion, as we also see from Fig. 6(a) , even though this expression is exactly symmetric over the valley index τ = ±1, i.e., φ (C)
, which is in complete analogy with the dice lattice in the absence of irradiation. 50 In summary, even for a dice lattice that does not have a finite Berry phase (φ (0) B (τ ) cos(2φ) = 0), it can be generated by a gap-opening elliptically-or circularly-polarized dressing field due to the variation of wave function components. While the dispersions are symmetric for a dice lattice, the wave function components, and therefore, the Berry phases do not share this property. The corresponding phase for the flat band is immediately obtained as zero, irrespective of the valley index or intensity of the incoming radiation since only the middle component in the eigenstate (22) is affected by the electron-light interaction, gives no contribution to Eq. (41).
Finally, we have calculated numerically the Berry phase for the α-T 3 lattice with an arbitrary φ in the presence of linearly-polarized irradiation. Our results are presented in Fig. 6 . Panels (c) and (e) represent the results for the flat band, and the three right plots (b), (d) and (f ) for the conduction band with γ = 1. In both cases, the phase is zero for a dice lattice, disregarding the light intensity or the parameters of isoenergetic elliptic integral path so that the results in panel (d) are equal to zero in the limit α → 1, which confirms our previous analytical results obtained previously in Appendix C for a dice lattice under dressing field with linear polarization. The results for the flat band demonstrate a stronger dependence on the coupling constant, as well as on the parameters for an elliptic path of the linear integration. As we see from panel (d) of Fig. 6 , the dependence of the Berry phase on λ 0 is not monotonic throughout the considered values of α, namely, the order in which all the curves corresponding to different λ 0 are laid out changed to exactly opposite ones when each line begins, passes its maximum value and starts decreasing as a function of α. Such non-monotonic dependence has not been observed for the case of circularly-polarized irradiation.
IV. CONCLUDING REMARKS
In this paper, we have executed a thorough investigation into electron-photon dressed states in α-T 3 lattices for all possible polarizations (elliptical, circular and linear) of the impinging radiation. We have derived closed-form expressions and analytic approximations for the quasiparticle energy dispersions for all types of such optical states.
We have demonstrated that the phase φ or the hopping parameter α plays a crucial role and affects the low-energy band structure for each type of polarization of the incident light. The obtained dressed states demonstrate both similarity and strong distinction compared to those earlier obtained in graphene or buckled honeycomb lattices. As an example, elliptically-polarized irradiation is connected with opening a band gap in the energy dispersions of α-T 3 , symmetry breaking between the valence and conduction bands. The parameter α has also been shown to strongly affect the radiation-induced anisotropy and the angular dependence of the dressed quasiparticle dispersions for the case of a linearly-polarized external field. Generally speaking, we find that the effect of electron-light coupling is strongest for α → 0 (graphene), and is the weakest for a dice lattice with α = 1 for both types of incoming light polarization.
We have found that for an elliptically-polarized field applied to a material with α = 1, its low-energy band structure, including the gaps, directly depends on the τ = ±1 valley index. This gives rise to valleytronics applications, which now could also be developed based on the irradiated α-T 3 lattice and enables electrically controllable valley filtering as being crucial for such applications and technology.
In addition to calculating the energy dispersion relations, we have obtained analytically the corresponding wave function for electrons dressed by an external field of various polarization. For elliptically-polarized light, the components of the obtained eigenstates are not equal to each other and do not just vary by a phase factor, as we have in the absence of irradiation (2) and (3). These components directly depend on the wavevector k and on the band index γ, so that the modification of the eigenstates in the valence, conduction and flat bands is not the same. This is the first obtained wave function for a dice lattice with a finite energy band gap.
Unlike previously discussed circularly-polarized irradiation, the eigenvalue equation for the linear polarization of the incident field allows for an exact solution for k, so that we can claim with complete precision that in this case there is no energy gap between the conduction and valence bands, the flat band permanently stays dispersionless at the zero-energy level and complete symmetry between the bands is conserved. The effect of linearly-polarized dressing leads to the anisotropy of the Dirac cone dispersions similar to graphene. However, now we are able to tune the anisotropy and angular dependence of the energy band structure by adjusting the parameter α. Apart from the band symmetry breaking in the irradiated α-T 3 model reported in Ref. [2] , we reveal a number of other crucial symmetries of the obtained dressed states, which could be broken or persist depending on the type and intensity of the applied field and the value of α.
The corresponding wave functions are drastically different for the dice lattice with α = 1 and all other possible α-T 3 materials. In the former case, the components of such a dressed state are equal and differ only by a phase factor, which similar to anisotropic Dirac fermions in few-layer black phosphorus 35 are expected to reveal non-head-on asymmetric Klein paradox. In contrast, the components of such a wave function for arbitrary 0 < α < 1 differ from each other, which brings in considerable modification of their tunneling and transport properties. For a number of evaluations, we consider time-independent wave functions corresponding to t = 0 in order to address a wider class of phenomena pertaining to light-induced distortions of Dirac cone dispersions for α-T 3 lattices.
We also investigated Berry phases of the obtained dressed electron eigenstates in connection with their unusual composition and symmetric properties. The Berry phase is a specific quantum characteristic of an electronic state, which is particularly sensitive to a particle's environment and adiabatic change of external fields or their potentials. Such phases could be sometimes acquired by a system under consideration even if all the other important parameters and quantum numbers remain unaltered.
Berry phases are directly related to the wave function it is attributed to, its components, and the phase difference between them. For instance, the phases corresponding to the valence and conduction bands for a gap opening elliptically-or circularly-polarized irradiation even for the simplest dice lattice are not symmetric of opposite to each other, unlike their energy dispersions. We uncovered these relations in all their complexity and demonstrated that the phase of the flat band is always zero. The same is true for the phases of a dice lattice eigenstates for all bands (γ = ±1 and γ = 0) in the presence of an external field with linear polarization. For all other values of α = π/4, we observed their moderate dependence on electron-light coupling λ 0 , parameter α and on the closed integration path, as it is expected to be according to the Aharonov-Bohm effect. The modification of the Berry phases pertaining to specific coupled electron-light states affect some of their important properties and could considerably modify the results of double-slit interference observations. By studying the band structure of such optical electron states, we developed a useful methodology for laser-induced engineering of energy bands and tuning their most significant characteristics of α-T 3 innovative materials. Our results are expected to have a profound effect on the fabrication of modern optical and electronic devices and photonic crystals. . For a dice lattice, the time-independent perturbation operator (9) is expressed
in terms of Σ 
The operatorsΣ (1) ± are built from the spin-1 matriceŝ
y , similarly to the case of 2 × 2 Pauli matrices for spin 1/2 used for graphene. Similarly, the energy gap exists if aΣ (1) z matrix is present in the Hamiltonian. In our case, this matrix is expressed aŝ
Finally, the effective pertubation Hamiltonian (10) is modified in the following waŷ
Using Hamiltonian (A5), we arrive at eigenvalue equation
We see that the dispersions demonstrate complete e-h symmetry and renormalized Fermi velocity. Even though the exact evaluation of the wave function is not possible even for k = 0 due to the complicated time dependence.
This way, the energy two γ = ±1 dispersions still represent a Dirac cone with renormalized isotropic Fermi velocity
This quantity is dimensionless, and it represents the induced energy gap related to a fixed electron energy for a given wave vector k. Now we can obtain the wave functions, corresponding to dispersions (18) as the eigenstates of matrix (16) . For the sake of simplicity, we will consider circularly-polarized light with β = 1. The solutions, pertaining to the valence and conduction bands γ = ±1 are
For the flat band with γ = 0, the correlative eigenstate is given as
One can easily verify that the obtained wave functions (A9) and (A11) in the limit of vanishing electron-light interaction λ 0 → 0 become equivalent to the dice lattice eigenstates, which are obtained from Eqs. The total Hamiltonian of a quasiparticle interacting with linearly-polarized field iŝ
It acquires an additional interaction term
where the coupling amplitude c 0 = v F eE 0 /ω is identical to that in the case of elliptically-or circularly-polarized light. So for k x = 0 and k y = 0 our equation is
The solutions of Eq. (B3) for the valence and conduction band edges with γ = ±1 are
and for the flat band
As it appears, the last wave function has no time dependence so each part of Eq. (B3) is equal to zero. These wave functions are clearly orthonormal and their structure demonstrates certain resemblance to the k-dependent eigenfunctions (2) and (3) for the α-T 3 model. The next step is to extend our solution to a finite wave vector. In order to achieve this, we need to solve the following time-dependent Schrődinger equation
for complete Hamiltonian (B1). At the K point, this expression becomes identical to Eq. (B3). We look for its solution in the form of the following expansion
in which the unknown time-and k-dependent coefficients F (γ) (k, t) are to be found. Using Eq. (B3) for k = 0 and the orthogonality of its solutions ψ γ 0 (t), our initial system (B6) could be rewritten as
This leads to a set of three coupled linear partial differential equations
and ∂ ∂t
where z λ (t) = λ 0 sin ωt. Using Floquet theorem, we look for the dressed state quasiparticle energy dispersions ε d (k) by means of the following substitution 2,17,34
The second term in expression (B10) is a periodic function of time (with the period T 0 = 2π/ω), which is expanded in a Fourier series. Nested exponential function is traditionally reduced by the Jacobi-Anger series expansion
clearly demonstrates the anisotropy of the energy dispersions induced by the electron-photon interaction. We immediately recover the corresponding result graphene 34 if φ is equal to zero. For a dice lattice with φ = π/4, only second term J 0 (λ 0 ) sin(2φ) remains non-zero and the effect of dressing field is the lowest.
In our case of off-resonant radiation with low intensity with λ = c In this appendix, we provide the details of the Berry phase evaluation for the obtained dresses states wave functions (20) and (22) for the case of circularly-polarized field applied to a dice lattice, as well as for eigenstates (29)- (32) and (36)- (37), corresponding to various types of α-T 3 lattices interacting with irradiation with linear polarization.
In polar coordinates, the general expression for gradient ∇ k and the vector length element dk
As the first step, we must choose the right closed integration path for Eq. (41) . In order to satisfy the requirement of an adiabatic, or isoenergetic evolution of a quantum system, during which a Berry phase is acquired, we have to choose a path with a constant energy of our quisparticle, i.e., with ε γ=±1 τ, φ (k) = ε 0 = const. For the first case of a circularly-polarized light, the energy dispersions (18) and the corresponding eigenstates (20) and (22) are isotropic, so that the required path ought to be a circle of radius k (0) . While the wave function components and their scalar product can still depend on both k− and θ k -components of the two-dimensional vector k, the integration variable in Eq. (41) is modified as dk = k (0) dθ kêθ . We begin with the eigenstate (20) for the valence and conduction bands. In the simplest case of a circular path of radius k (0) , the Berry phase defined in Eq. (41) is equal to φ (e) B (τ = 1) =
while in the vicinity of K valley this result is exactly opposite φ B (τ = 1), similarly to the case of non-irradiated α-T 3 . In the absence of the irradiation, the Berry phase for a dice lattice is zero -φ (0) B (τ ) = τ π cos(π/2) = 0. 50 The corresponding Berry phase for the flat band remains zero in the presence of circularly-polarized light, which could be confirmed by evaluating integral (41) for wave function (22) .
In contrast, the constant-energy cut for dispersions (26) with angular dependence (27) has an elliptic shape, as it shown in Fig. 4 (a) . Such an ellipse is described as 
where 
